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ON PURITY THEOREM OF LUSZTIG’S PERVERSE SHEAVES
JIE XIAO, FAN XU AND MINGHUI ZHAO
Abstract. Let Q be a finite quiver without loops and Qα be the Lusztig
category for any dimension vector α. The purpose of this paper is to prove that
all Frobenius eigenvalues of the i-th cohomology Hi(L)|x for a simple perverse
sheaf L ∈ Qα and x ∈ EFnα = Eα(Fqn ) are equal to (
√
qn)i as a conjecture
given by Schiffmann ([14]). As an application, we prove the existence of a class
of Hall polynomials.
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1. Introduction
LetQ be a finite quiver without loops and g be the Kac-Moody algebra associated
to Q. Let Eα be the variety of representations of Q of dimension vector α over the
algebraic closure of a finite field Fq. Lusztig ([8],[9]) defined some subcategory Qα
(called the Lusztig category) of the Gα-equivariant bounded derived category of
Ql-constructible complexes on Eα. He showed that the sum of the corresponding
Grothendieck groups K =
⊕
αK(Qα) can be viewed as an A = Z[v, v−1]-module
via setting v[L] = [L[1](12 )] for L ∈ Qα and be endowed with the multiplication and
comultiplication. Lusztig ([8],[9]) proved that there is an A-isomorphism from the
positive part of the quantum group Uv(g) to K and then the isomorphism classes
of simple perverse sheaves in Qα provide the elements of the canonical basis of the
positive part of Uv(g).
By the sheaf-function correspondence, one can expect that the elements of the
canonical basis can be expressed as functions over Eα in a unified way. Given two
simple perverse sheaves L′ ∈ Qα,L′′ ∈ Qβ , K = L′ ∗ L′′ is a semisimple perverse
sheaf with
pHj(K) =
⊕
L
DjL′,L′′,L ⊗ L
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where L runs over a set of representatives for the isomorphism classes of simple
objects in Qα+β , pHj(K) is the j-th perverse cohomology of K and DjL′,L′′,L =
Hom(L, pHj(K)) is a Weil complex which is pure of weight j. In [11], Lusztig
inductively proved that the Frobenius map acts on it and all eigenvalues are equal
to (
√
qn)j and then the elements of the canonical basis coincide with the trace
functions associated to simple perverse sheaves in Qα for any dimension vector α.
Then the trace function χF
n
K over Eα(Fqn) can be written as
χF
n
K = χ
Fn
L′ ∗ χF
n
L′′ =
∑
[L]
∑
j∈Z
dimDjL′,L′′,L(
√
qn)jχF
n
L .
For a simple perverse sheaf L ∈ Qα, let Hi(L)|x be the stalk at x ∈ Eα(Fqn)
of the i-th cohomology sheaf of L. In [8], Lusztig proved that all eigenvalues of
the Frobenius map on Hi(L)|x are equal to (√qn)i for a quiver Q of finite type
via applying the explicit relation between the PBW basis and the canonical basis.
Then the trace function can be expressed in a unified way as follows:
χF
n
L =
∑
i∈Z
(−1)idimHi(L)|x(
√
qn)i.
We also note that in [15], the author obtained this property for a tame quiver.
In the present paper, we prove that all eigenvalues of the Frobenius map on
Hi(L)|x are equal to (√qn)i for a quiver Q without loops and x ∈ Eα(Fqn) for any
dimension vector α. The approach is inspired by [5] and [6]. This generalizes the
above result and gives an affirmative answer to a question raised by Schiffmann in
[14, Section 3.7]. As an application, we prove that a class of Hall polynomials exists
in Section 4. In particular, for a preprojective module N , a preinjective module M
and any module L in the category RepFqQ of the quiver Q over Fq, there exists
a polynomial gLMN (v) ∈ Z[v] such that the Ringel-Hall number FL⊗Fq
n
M⊗FqnN⊗Fqn
=
gLMN (
√
qn) for any n ∈ N.
2. Lusztig’s geometric realization of a quantum group
2.1. Fix a prime number p and let q = pe for some e ∈ N. Denote by Fq the finite
field with q elements and K the algebraic closure of Fq. Let G be an algebraic group
over K and X be a scheme of finite type over K together with a G-action. Denote
by Db(X) = Db(X,Ql) the bounded derived category of Ql-constructible complexes
on X and DbG(X) = DbG(X,Ql) the G-equivariant bounded derived category of Ql-
constructible complexes on X , where l 6= p is a fixed prime. Let MG(X) be the
full subcategory of DbG(X) consisting of G-equivariant perverse sheaves on X .
2.2. Let Q = (Q0, Q1, s, t) be a quiver, where Q0 is the set of vertices, Q1 is the
set of arrows and s, t : Q1 → Q0 are two maps such that an arrow h ∈ Q1 starts at
s(h) and terminates at t(h).
Given a dimension vector α =
∑
i∈Q0
αii ∈ NQ0, consider the variety
Eα := Eα(Q) =
⊕
h∈Q1
HomK(K
αs(h) ,Kαt(h))
with the action of the algebraic group Gα :=
∏
i∈Q0
GL(αi,K) by g.(xh)h∈Q1 =
(gt(h)xhg
−1
s(h))h∈Q1 for g = (gi)i∈Q0 ∈ Gα and (xh)h∈Q1 ∈ Eα.
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Let Yα = {y = (i, a) |
∑k
l=1 alil = α}, where i = (i1, i2, . . . , ik), il ∈ Q0 and
a = (a1, a2, . . . , ak), al ∈ N. For any element y = (i, a), a flag of type y in Kα =⊕
i∈Q0
Kαi is a sequence φ = (Kα = V k ⊃ V k−1 ⊃ · · · ⊃ V 0 = 0) of Q0-graded
K-vector spaces such that dimV l/V l−1 = alil. Let Fy = Fα,y be the variety of all
flags of type y in Kα. For any x ∈ Eα, a flag φ is called x-stable if xh(V ls(h)) ⊂ V lt(h)
for all l and all h ∈ Q1. Let F˜y = F˜α,y = {(x, φ) ∈ Eα × Fy | φ is x-stable} and
piα,y : F˜y → Eα be the projection to Eα.
By the decomposition theorem of Beilinson, Bernstein and Deligne ([1]), the
Lusztig sheaf Ly = Lα,y = (piα,y)!1F˜y [dy](
dy
2 ) ∈ DGα(Eα) is a semisimple complex
for any y ∈ Yα, where 1F˜y is the constant sheaf over F˜y and dy = dim F˜y.
Let Pα = Pα(Q) be the subcategory of MGα(Eα) consisting of direct sums of
simple perverse sheaves, which are direct summands of Ly[r]( r2 ) for some y ∈ Yα
and r ∈ Z. Let Qα = Qα(Q) be the subcategory of DbGα(Eα), whose objects are
the complexes that are isomorphic to finite direct sums of complexes of the form
L[d](d2 ) for various L ∈ Pα and d ∈ Z.
Let Kα = K(Qα) be the Grothendieck group of Qα. Define v[L] = [L[1](12 )] and
v−1[L] = [L[−1](− 12 )]. Then, Kα is a free A-module, where A = Z[v, v−1]. Define
K(Q) =
⊕
α∈NQ0
Kα.
2.3. Let E′′ be the variety of all pairs (x,W ), where x ∈ Eα+β and W is a x-
stable Q0-graded vector space of K
α+β with dimension vector β. Let E′ be the
variety of all quadruples (x,W, ρ1, ρ2), where (x,W ) ∈ E′′ and ρ1 : Kα+β/W ∼= Kα,
ρ2 :W ∼= Kβ are linear isomorphisms. Consider the following diagram
(2.1) Eα × Eβ E′ p2 //p1oo E′′ p3 // Eα+β ,
where p2, p3 are natural projections and p1(x,W, ρ1, ρ2) = (x
′, x′′) such that
x′h(ρ1)s(h) = (ρ1)t(h)xh and x
′′
h(ρ2)s(h) = (ρ2)t(h)xh
for any h ∈ Q1.
The groups Gα × Gβ and Gα+β naturally act on E′. The map p1 is Gα+β ×
Gα ×Gβ-equivariant under the trivial action of Gα+β on Eα × Eβ . The map p2 is
a principal Gα ×Gβ-bundle.
This induces a functor
m˜α,β : DbGα×Gβ (Eα × Eβ)→ DbGα+β (Eα+β)
described as the composition of the following functors
DbGα×Gβ (Eα × Eβ)
p∗1 // DbGα×Gβ×Gα+β(E′)
(p2)♭ // DbGα+β (E′′)
(p3)! // DbGα+β (Eα+β) ,
where (p2)♭ is the inverse of the pull-back functor
p∗2 : DbGα+β (E′′)→ DbGα×Gβ×Gα+β (E′),
which is an equivalence of derived categories. Set mα,β = m˜α,β[mα,β](
mα,β
2 ) where
mα,β =
∑
h∈Q1
αs(h)βt(h) +
∑
i∈Q0
αiβi.
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2.4. Fix a subspace W of Kα+β with dimW = β and linear isomorphisms ρ1 :
Kα+β/W ∼= Kα, ρ2 : W ∼= Kβ . Let Fα,β be the closed subset of Eα+β consisting of
all x ∈ Eα+β such that (W,x|W ) is a KQ-submodule of (Kα+β, x) with dimension
vector β. Consider the diagram
Eα × Eβ Fα,βκoo ι // Eα+β ,
where the map ι is the inclusion and κ(x) = p1(x,W, ρ1, ρ2). For (x1, x2) ∈ Eα×Eβ ,
the fibre κ−1(x1, x2) ∼=
⊕
h∈Q1
HomK(K
αs(h) ,Kβt(h)) and then κ is a vector bundle
of dimension
∑
h∈Q1
αs(h)βt(h).
This induces a functor
∆˜α,β : DbGα+β(Eα+β)→ DbGα×Gβ (Eα × Eβ)
as the composition of functors:
DbGα×Gβ (Eα × Eβ) DbGα+β (Fα,β)
κ!oo DbGα+β(Eα+β)
ι∗oo .
Set ∆α,β = ∆˜α,β[mˆα,β](
mˆα,β
2 ), where mˆα,β =
∑
h∈Q1
αs(h)βt(h) −
∑
i∈Q0
αiβi.
Lemma 2.1. [9, 10] Given two dimension vectors α, β, we have
mα,β(Qα ⊠Qβ) ⊆ Qα+β and ∆α,β(Qα+β) ⊆ Qα ⊠Qβ.
Hence, we get linear maps
mα,β : Kα ×Kβ → Kα+β and ∆α,β : Kα+β → Kα ×Kβ.
Considering all dimension vectors, we get linear maps
m : K(Q)×K(Q)→ K(Q) and ∆ : K(Q)→ K(Q)×K(Q).
2.5. Let Q = (Q0, Q1, s, t) be a quiver and E be a subset of Q1. Denote by Q
′ the
quiver obtained from Q by reversing all the arrows in E. Given α ∈ NQ0, let
Xα =
⊕
h∈Q1\E
HomK(K
αs(h) ,Kαt(h))
and
Yα =
⊕
h∈E
HomK(K
αs(h) ,Kαt(h)), Y ′α =
⊕
h∈E
HomK(K
αt(h) ,Kαs(h)).
Note that
Eα(Q) = Xα × Yα and Eα(Q′) = Xα × Y ′α.
Hence Eα(Q) and Eα(Q
′) are vector bundles over Xα with fibers Yα and Y
′
α respec-
tively. Define a non-degenerate bilinear form
〈−,−〉 : Yα × Y ′α → K
(x, y) 7→
∑
h∈E
tr(xhyh).
This bilinear form induces a map χ : Eα(Q)×Xα Eα(Q′) → K. Furthermore, fix a
non-trivial additive character ρ : Fq → Q∗l . Consider the following projections
Eα(Q) Eα(Q)×Xα Eα(Q′)soo t // Eα(Q′) .
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The Artin-Schreier map x 7→ xq − x is a covering K→ K with Galois group equal
to Fq. Using this we can get a nontrivial local system L of rank one over K. Then
the Fourier-Deligne transform is defined as
ΘQQ′ : DbGα(Eα(Q)) → DbGα(Eα(Q′))
K 7→ t!(s∗K ⊗ χ∗L)[d],
where d is the rank of the bundle Eα(Q)→ Xα.
Lemma 2.2. [6, 10, 14] The Fourier-Deligne transform ΘQQ′ : DbGα(Eα(Q)) →
DbGα(Eα(Q′)) is an equivalence of triangulated categories and the restriction of
ΘQQ′ on MGα(Eα(Q)) give an equivalence of categories ΘQQ′ : MGα(Eα(Q)) →
MGα(Eα(Q′)). Moreover, ΘQQ′(Qα(Q)) = Qα(Q′) and ΘQQ′(Pα(Q)) = Pα(Q′).
Lemma 2.3. [10, 14] Let α, β ∈ NQ0 be two dimension vectors. For any L′ ∈
Qα(Q) and L′′ ∈ Qβ(Q), we have
ΘQ,Q′(mα,β(L′ ⊠ L′′)) =mα,β(ΘQ,Q′(L′)⊠ΘQ,Q′(L′′)).
For any L ∈ Qα+β(Q), we have
ΘQ,Q′ ⊠ΘQ,Q′(∆α,β(L)) =∆α,β(ΘQ,Q′(L)).
2.6. Let Q = (Q0, Q1, s, t) be a quiver. For any i ∈ Q0, there exists a new quiver
iQ = (Q0, Q
′
1, s, t) with the same underly graph of Q such that i is a sink of iQ.
Now the variety Eα(iQ) has the following partition
Eα(iQ) =
⋃
r∈N,r≤αi
Eα,i,r(iQ),
where
Eα,i,r(iQ) = {x ∈ Eα(iQ) | dim(
∑
t(h)=i
Imxh) = αi − r}.
Note that Eα,i,≥r(iQ) =
⋃
s∈N,r≤s≤αi
Eα,i,s(iQ) are close subsets of Eα(iQ) for
various r.
For any perverse sheaf L ∈ Pα(iQ), there exists a unique r such that SuppL ∈
Eα,i,≥r(iQ) and SuppL
⋂
Eα,i,r(iQ) 6= ∅. Denote by t(L) = r. Let Pα,i,r(iQ) be
the subcategory of Pα(iQ) consisting of perverse sheaves L such that t(L) = r and
Pα,i,>r(iQ) be the subcategory of Pα(iQ) consisting of perverse sheaves L such that
t(L) > r .
For any α ∈ NQ0 and β = α − ri with r ∈ N such that r ≤ αi, Lusztig studied
the relation between the simple objects in Pα,i,r and Pβ,i,0 as follows ([9, 10]).
Let Lri be the constant sheaf on Eri. Since Eri is a point, we identify Eri × Eβ
with Eβ and Lri ⊠ L′ with L′ for any complex L′ on Eβ .
For any L′ ∈ Pβ,i,0, consider the following commutative diagram ([9])
Eβ(iQ) E
′p1oo p2 // E′′
p3 // Eα(iQ)
σ(L′)
f
OO
σ′
f ′
OO
p′1oo p
′
2 // σ′′
f ′′
OO
p′3 // X
g
OO
σ0(L′)
j
OO
σ′0
j′
OO
q1oo q2 // σ′′0
j′′
OO
q3 // X0,
k
OO
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where
(1) σ(L′) = SuppL′, σ′ = p−11 (σ(L′)), σ′′ = p2(σ′), X = p3(σ′′);
(2) σ0(L′) = SuppL′ ∩ Eβ,i,0(iQ), σ′0 = p−11 (σ0(L′)), σ′′0 = p2(σ′0), X0 = X ∩
Eα,i,r(iQ);
(3) the map p′i and qi are induced by pi for any i ∈ {1, 2, 3};
(4) the map f, f ′, f ′′, g and j, j′, j′′, k are natural inclusions.
Since σ(L′) = SuppL′, there exists a simple Gβ -equivariant perverse sheaf K1
such that L′ = f!K1. Note that
m˜ri,β(Lri ⊠ L′) = (p3)!(p2)♭p∗1L′ = (p3)!(p2)♭p∗1f!K1 = g!(p′3)!(p′2)♭p′∗1 f!K1.
Let K2 = (p′3)!(p′2)♭p′∗1 f!K1, which is a complex on X . Hence the support of
mri,β(Lri ⊠ L′) = m˜ri,β(Lri ⊠ L′)[mri,β](mri,β2 ) is contained in X .
Moreover,
k∗K2 = (p′3)!(p′2)♭p′∗1 f!K1 = (q3)!(q2)♭q∗1j∗K1.
Since j is the inclusion of an open dense subset, j∗K1 is a simple perverse sheaf.
Lusztig showed that K3 = q∗1j∗K1[dim p1](dim p12 ) is a simple perverse sheaf. Hence
K4 = (q2)♭q∗1j∗K1[mri,β ](mri,β2 ) = (q2)♭K3[− dim p2](−dim p22 ) is a simple perverse
sheaf. Since q3 is an isomorphism, k
∗mri,β(Lri ⊠ L′) = k∗K2[mri,β](mri,β2 ) =
(q3)!K4 is a simple perverse sheaf.
Note that X ⊂ Eα,i,≥r(iQ), X0 = X ∩ Eα,i,r(iQ) is an open subset of X and
X −X0 ⊂ Eα,i,>r(iQ). Hence,
mri,β(Lri ⊠ L′) = L ⊕ (⊕jKj [j])
for certain L ∈ Pα,i,r(iQ) and some Kj ∈ Pα,i,>r(iQ).
Conversely, for any L ∈ Pα,i,r, consider the following commutative diagram ([10])
(2.2) Eβ(iQ)
ι // Eα(iQ)
σ¯0
u1
OO
ι0 // σ0(L),
u2
OO
where
(1) the map ι is induced by ι : Fri,β → Eα(iQ) (In this case, the map κ is an
isomorphism.);
(2) σ¯0 = ι
−1(σ0(L));
(3) the map ι0 is induced by ι;
(4) the map u1 and u2 are natural inclusions.
By definition, ∆ri,β(L) = ι∗L. Let
L1 = u∗1ι∗L[mˆα,β ](
mˆα,β
2
) = ι∗0u
∗
2L[mˆα,β ](
mˆα,β
2
).
Since σ0(L) is open dense in SuppL, u∗2L is a simple perverse sheaf on σ0(L). Let
Q ⊂ Gα be the stabilizer of Kβ in Kα. Since Eα,i,r(iQ) ∼= Gα ×Q Eβ,i,0(iQ),
ι∗0u
∗
2L[mˆα,β ]( mˆα,β2 ) is a simple perverse sheaf on σ¯0. That is u∗1∆ri,β(L) is a simple
perverse sheaf on σ¯0.
Note that σ¯0 = Suppι
∗L ∩ Eβ,i,0(iQ) is open in Suppι∗L and Suppι∗L − σ¯0 ⊂
Eβ,i,>0(iQ). Hence,
∆ri,β(L) = Lri ⊠ (L′ ⊕ (⊕jK′j [j]))
ON PURITY THEOREM OF LUSZTIG’S PERVERSE SHEAVES 7
for certain L′ ∈ Pβ,i,0(iQ) and some K′j ∈ Pβ,i,>0(iQ).
Let Pα,i,r := Pα,i,r(Q) = ΘiQQ(Pα,i,r(iQ)). By Lemma 2.2, Pα,i,r(Q) is a
subcategory of Pα(Q). Similarly, let Pα,i,>r := Pα,i,>r(Q) = ΘiQQ(Pα,i,>r(iQ)).
By the properties of Fourier-Deligne transforms in Lemma 2.3, we have the following
proposition.
Proposition 2.4 ([9][10]). Fix α ∈ NQ0 and r ∈ N such that r ≤ αi. Let β = α−ri.
For any simple object L ∈ Pα,i,r, there exists a unique simple object L′ ∈ Pβ,i,0
such that
∆ri,β(L) = Lri ⊠ (L′ ⊕ (⊕jK′j [j])) and mri,β(Lri ⊠ L′) = L ⊕ (⊕jKj [j])
where K′j ∈ Pβ,i,>0 and Kj ∈ Pα,i,>r for all j ∈ Z.
3. The purity of Lusztig’s perverse sheaves
3.1. Let G be an algebraic group and X be a scheme of finite type over K together
with a G-action. Assume that X and G have Fq-structures and X = X0 ×Spec(Fq)
Spec(K), G = G0 ×Spec(Fq) Spec(K). Let FX0 : X0 → X0 and FG0 : G0 → G0 be
the Frobenius morphisms, which can be extended to the morphisms FX : X → X
and FG : G→ G. Assume that the following diagram is commutative
G×X
FG×FX

// X
FX

G×X // X.
Then, the morphism FX : X → X naturally induces a functor
F ∗X : DbG(X)→ DbG(X).
For any n ∈ N, let XFn be the set of closed points of X fixed by Fn. Note that
XF = XF
1
is the set of Fq-rational points.
Fix an isomorphism ι : Ql → C. We refer to [1] and [6] for the definitions of
ι-pure and ι-mixed complexes.
A Weil sheaf is a pair (F , j) such that F is a Q¯l-sheaf on X and j : F ∗X(F)→ F
is an isomorphism, which is called a Weil structure on F . For any Weil sheaf F on
X , the isomorphism j : F ∗X(F)→ F induces an automorphism
jnx : F|x → F|x
for any x ∈ XFn . For any w ∈ R, a Weil sheaf F on X is called ι-pure of weight
w if all eigenvalues λ of the automorphism jnx satisfy that |ι(λ)| = (qn)
w
2 for any
n and x ∈ XFn . A Weil sheaf F is called ι-mixed if it admits a finite filtration of
successive quotients which are ι-pure.
A Weil complex is a pair (F , j) such that F ∈ DbG(X) and j : F ∗X(F)→ F is an
isomorphism. A Weil complex F is called ι-pure of weight w if the cohomology sheaf
Hi(F) is ι-pure of weight w + i for any i ∈ Z. The complex F is called ι-mixed
if the cohomology sheaves Hi(F) are mixed. Let DbG,w(X) be the triangulated
subcategory of DbG(X) of Weil complexes.
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3.2. Fix a quiver Q. For any dimension vector α ∈ NQ0, the variety Eα and the
algebraic group Gα have natural Fq-structures.
The following theorem is the main result of this paper.
Theorem 3.1. Given a dimension vector α ∈ NQ0, let L be a perverse sheaf in
Pα. Then L possesses a Weil structure j : F ∗Eα(L) → L such that the Frobenius
eigenvalues of jnx on Hi(L)|x are all equal to (qn)
i
2 for any n ∈ N, x ∈ EFnα and
i ∈ Z.
If a Weil complex L satisfies the condition in Theorem 3.1, L is said to have the
strong purity property.
Corollary 3.2 (Lusztig [8][11], see also [14]). For any dimension vector α ∈ NQ0,
all simple perverse sheaves L ∈ Pα possess Weil structures, making them ι-pure of
weight zero.
For the proof of Theorem 3.1, we need the following lemma.
Lemma 3.3. Fix β ∈ NQ0 and r ∈ N. Let L′ be a simple object in Pβ,i,0. If the
complexes Lri and L′ have the strong purity properties, then mri,β(Lri ⊠ L′) has
the strong purity property with the Weil structure induced by those on Lri and L′.
The proof of Lemma 3.3 will be given in Section 3.3.
The proof of Theorem 3.1. For any α ∈ NQ0 with Eα = pt, Theorem 3.1 holds
since Pα = {Q¯l|pt} in this case. For general dimension vector α ∈ NQ0, assume
that Theorem 3.1 holds for dimension vectors β < α. We shall prove that any
complex L ∈ Pα has the strong purity property.
For any i ∈ Q0, we shall prove that a complex L ∈ Pα,i,r with r > 0 has the
strong purity property by induction. If r = αi, then Eα,≥r = pt and L = Q¯l|pt.
Hence L has the strong purity property. Assume that the complexes L′ ∈ Pα,i,t
with t > r have the strong purity properties.
By Proposition 2.4, there exists a unique simple object L′ ∈ Pβ,i,0 such that
(3.1) mri,β(Lri ⊠ L′) = L ⊕ (⊕jKj [j])
where Kj ∈ Pα,i,>r for all j ∈ Z.
By induction, Lri and L′ have the strong purity properties. Hencemri,β(Lri⊠L′)
has the strong purity property by Lemma 3.3. Since mri,β(Lri ⊠ L′) and Kj ∈
Pα,i,>r for all j ∈ Z have the strong purity properties, so is L by (3.1).
For any complex L ∈ Pα, there exists some i ∈ Q0 such that L ∈ Pα,i,r with r > 0
by 9.3.1(b) in [10]. Hence the complex L ∈ Pα has the strong purity property. 
For any y ∈ Yα, the Lusztig sheaf Ly = (piα,y)!1F˜y [dy](
dy
2 ) ∈ DGα(Eα) has an
canonical Weil structure induced by the canonical Weil structure of the constant
sheaf 1F˜y . Hence any perverse sheaf L in Pα has a canonical Weil structure. For
any two simple perverse sheaves L′ in Pα and L′′ in Pβ , the Weil structure on
mα,β(L′⊠L′′) induced by the canonical Weil structures on L′ in Pα and L′′ is just
the canonical Weil structure.
For any two perverse sheaves L′ in Pα and L′′ in Pβ , Theorem 3.1 implies that
mα,β(L′ ⊠L′′) has a Weil structure. Meanwhile, the perverse sheaf mα,β(L′ ⊠L′′)
possess another Weil structure induced by the Weil structures on L′ and L′′ given
in Theorem 3.1. In [14], Schiffmann showed that the Weil structure in Theorem
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3.1 is just the canonical Weil structure. Hence we get the following fact: these two
Weil structures on mα,β(L′ ⊠ L′′) coincide.
3.3. For the proof of Lemma 3.3, consider the following diagram
Eri × Eβ E′ p2 //p1oo E′′ p3 // Eα .
By definition,
mri,β(Lri ⊠ L′) = (p3)!(p2)♭p∗1(Lri ⊠ L′)[mα,β ](
mα,β
2
)
= (p3)!(p2)♭p
∗
1(Lri ⊠ L′)[dim p1](
dim p1
2
)[− dim p2](− dim p2
2
).
Denote by
K = (p2)♭p∗1(Lri ⊠ L′)[dim p1](
dim p1
2
)[− dim p2](− dim p2
2
).
Then mri,β(Lri,L′) = (p3)!K.
Lemma 3.4. The complex K is a Gα-equivariant perverse sheaf on E′′ and has the
strong purity property.
Proof. Since Lri and L′ are perverse sheaves with the strong purity properties,
F = Lri ⊠ L′ is a perverse sheaf on Eri × Eβ with the strong purity property.
Note that p∗1F [dim p1](dim p12 ) is a perverse sheaf on E′. Since p∗1F|y = F|p1(y) for
any y ∈ E′ and the functor [dim p1](dim p12 ) does not change the weight, the complex
p∗1F [dim p1](dim p12 ) is a perverse sheaf on E′ with the strong purity property.
Since (p2)♭ is the inverse of p
∗
2, which is a equivalence of categories, the complex
K = (p2)♭F [− dim p2](− dim p22 ) is a perverse sheaf on E′′ with the strong purity
property. 
Lemma 3.5. For any x ∈ EFnα , the Q¯l-sheaf Hi(K)|p−13 (x) is a constant Q¯l-sheaf.
Denote by j the Weil structure on Hi(K)|p−13 (x) induced by that of K. Then the
Frobenius eigenvalues of jn on each stalk of Hi(K)|p−13 (x) are all equal to (q
n)
i
2 .
Proof. Since p−13 (x) is contained in some Gα-orbit, this is a direct result of Lemma
3.4. 
Then we should study the fibers of p3.
Lemma 3.6. For any n ∈ N and x ∈ EFnα , we have p−13 (x) ∼= Gr(αi − s, βi − s),
where s = dim(
∑
t(h)=i Imxh).
Proof. By definition, p−13 (x) is the set consisting of the elements (x,W ), where W
is a x-stable Q0-graded vector space of K
α with dimension vector β. Since αj = βj
and
∑
t(h)=i Imxh ⊂Wi, p−13 (x) ∼= Gr(αi − s, βi − s). 
Then we shall recall the notation of paving by affine spaces ([5]). A scheme Z is
paved by affine spaces if there exists a finite filtration by closed subspaces
Z = ZN ⊃ ZN−1 ⊃ · · · ⊃ Z1 ⊃ Z0 = ∅
such that Zj − Zj−1 is a disjoint union of certain affine spaces Anji .
Lemma 3.7. For any x ∈ EFnα , p−13 (x) is paved by affine spaces.
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Proof. Since the Grassmannian Gr(αi − s, βi − s) is paved by affine spaces ([4]).
Lemma 3.6 implies that p−13 (x) is paved by affine spaces.

Lemma 3.8. Let Z be a scheme paved by affine spaces and F a constant Q¯l-sheaf
on Z. The Weil structure on F is denoted by j. If the Frobenius eigenvalues of jn
on each stalk of F are all equal to (qn)h2 , then the Frobenius eigenvalues of jn on
Hic(Z,F) all equal to (qn)
i+h
2 .
Proof. By definition, there exists a finite filtration of Z by closed subspaces
Z = ZN ⊃ ZN−1 ⊃ · · · ⊃ Z1 ⊃ Z0 = ∅
such that Us−1 = Zs − Zs−1 is a disjoint union of certain affine spaces Ansi .
For any s, denote by φs : Us → Zs+1 the open embedding and ψs : Zs →
Zs+1 the closed embedding. Denote by F|Zs = ψ∗sψ∗s+1 . . . ψ∗N−1F and F|Us =
φ∗sψ
∗
s+1 . . . ψ
∗
N−1F = φ∗sF|Zs+1 . Then we have the following short exact sequences
(1.4.1 in [1])
0→ (φN−1)!F|UN−1 → F → (ψN−1)∗F|ZN−1 → 0
0→ (φN−2)!F|UN−2 → F|ZN−1 → (ψN−2)∗F|ZN−2 → 0
...
0→ (φ1)!F|U1 → F|Z2 → (ψ1)∗F|Z1 → 0.
Applying the cohomology functor, we get the following long exact sequences
· · · → Hic(UN−1,F|UN−1)→ Hic(ZN ,F)→ Hic(ZN−1,F|ZN−1)→ · · ·
· · · → Hic(UN−2,F|UN−2)→ Hic(ZN−1,F|ZN−1)→ Hic(ZN−2,F|ZN−2)→ · · ·
...
· · · → Hic(U1,F|U1)→ Hic(Z2,F|Z2)→ Hic(Z1,F|Z1)→ · · · .
Since Us is a disjoint union of certain affine spaces A
nsi for any s,
(F|Us)|Ansi = Q¯l(−
h
2
)a
and
Hic(A
t, Q¯al ) =
{
0, if t 6= i2 ,
Q¯al (− i2 ), if t = i2 ,
the Frobenius eigenvalues of jn on Hic(Us,F|Us) all equal to (qn)
i+h
2 .
Since dimZ1 = 0, the Frobenius eigenvalues of j
n on Hic(Z1,F|Z1) all equal to
(qn)
i+h
2 . By induction, the Frobenius eigenvalues of jn on Hic(Z,F) all equal to
(qn)
i+h
2 . 
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For the proof of Lemma 3.3, we shall compute the the Frobenius eigenvalues of
jn on Hi(mri,β(Lri ⊠ L′))|x for any x ∈ EFnα . Since
Hi(mri,β(Lri ⊠ L′))|x = Hi((p3)!K)|x = (Rip3)!K|x
= Hi(Γc(p
−1
3 (x), I|p−13 (x)))
= Γc(p
−1
3 (x),Hi(I)|p−13 (x))
= Γc(p
−1
3 (x),Hi(K)|p−13 (x))
= H0c (p
−1
3 (x),Hi(K)|p−13 (x)),
where I is a soft resolution of K, we should compute the the Frobenius eigenvalues
of jn on H0c (p
−1
3 (x),Hi(K)|p−13 (x)).
By Lemma 3.5, the Q¯l-sheaf Hi(K)|p−13 (x) is a constant Q¯l-sheaf and the Frobe-
nius eigenvalues of jn on each stalk of Hi(K)|p−13 (x) are all equal to (q
n)
i
2 . Hence
the Frobenius eigenvalues of jn on H0c (p
−1
3 (x),Hi(K)|p−13 (x)) are all equal to (q
n)
i
2
by Lemma 3.7 and 3.8. That is, the Frobenius eigenvalues of jn on Hi(mri,β(Lri⊠
L′))|x are all equal to (qn) i2 and Lemma 3.3 has been proved.
3.4. Given a dimension vector α =
∑
i∈Q0
αii ∈ NQ0, let CFα,A be the A-module
generated by Gα-invariant functions: Eα → A.
For any simple perverse sheaf L in Pα, consider the function χL ∈ CFα,A such
that
χL(x) =
∑
i∈Z
(−1)i dim(Hi(L)|x)vi
for any x ∈ Eα.
In the proof of Lemma 3.8, we have
Hic(A
t, Q¯al ) =
{
0, if t 6= i2 ,
Q¯al (− i2 ), if t = i2 .
Hence Hic(A
t, Q¯al ) = 0 for any odd i. Similarly to the proof of Theorem 3.1, we
have Hi(L) = 0 for any simple perverse sheaf L in Pα and any odd i. That is
χL(x) =
∑
i∈Z is even
dim(Hi(L)|x)vi.
Hence we get the following proposition.
Proposition 3.9. For any simple perverse sheaf L in Pα, we have χL(x) ∈
N[v2, v−2].
Let Kα be the Grothendieck group of Qα and consider the following map
Φα : Kα → CFα,A
sending [L] to χL. Let Fα,A be image of Φα. Note that the map Φα : Kα → Fα,A
is an isomorphism of A-modules and the set {χL | L ∈ Pα} is an A-basis of Fα,A.
Let G be an algebraic group and X be a scheme of finite type over K together
with a G-action. Assume that X and G have compatible Fq-structures.
For any Weil complex (F , j) on X and x ∈ XFn , we have automorphisms
jni,x : Hi(F)|x → Hi(F)|x.
12 JIE XIAO, FAN XU AND MINGHUI ZHAO
Define χF
n
F ∈ CFGFn (XF
n
) for any n ∈ N by
χF
n
F (x) =
∑
i
(−1)itr(jni,x,Hi(F)|x),
where CFGFn (XF
n
) is the Ql-space generated by G
Fn -invariant functions: XF
n →
Ql.
For any dimension vector α, let CFFnα = CFGFnα (EF
n
α ). We have the following
map
χF
n
: Kα → CFF
n
α
sending [L] to χFnL for any L ∈ Qα.
As a corollary of Theorem 3.1, we have
χF
n
L (x) =
∑
i∈Z
(−1)i dim(Hi(L)|x)(qn) i2
for any x ∈ EFnα . Hence we have the following commutative diagram
Fα,A
Ψα

Kα
Φα
88qqqqqqq
χF
n &&▲▲
▲▲
▲▲
CFFnα ,
where Ψα send f(x, v) to f(x, q
n
2 )|EFnα .
4. The Hall polynomials
4.1. Let Q be a quiver. Denote by Λq = FqQ the path algebra of Q over Fq. We
shall recall the definition of the Ringel-Hall algebraH(A) for the hereditary abelian
category A = mod-Λq = RepFqQ.
For M,N and L ∈ mod-Λq, let FLMN be the set {X ⊂ L | X ∈ mod-Λq, X ∼=
N,L/X ∼=M} and FLMN = |FLMN |.
The Ringel-Hall algebra H(A) is a C-vector space with isomorphism classes [X ]
of all Λq-modules X as a basis and the multiplication is defined by
[M ] ∗ [N ] =
∑
[L]
FLMN [L]
for M,N and L ∈ mod-Λq.
4.2. We shall recall Lusztig’s construction of a Ringel-Hall algebra via functions
in [11].
Given a dimension vector α =
∑
i∈Q0
αii ∈ NQ0, the variety Eα and algebraic
groupGα have been defined in last section. Any element x = (xh)h∈Q1 in Eα defines
a representation M(x) = (Kα, x) of Q with Kα =
⊕
i∈Q0
Kαi . The isomorphism
class of the representation M(x) is just the Gα-orbit of x.
Let CFFnα = CFGFnα (EF
n
α ) be the Ql-space generated by G
Fn
α -invariant func-
tions: EF
n
α → Ql. We will endow the vector space CFF
n
(Q) =
⊕
α CFF
n
α with a
multiplication.
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Applying the Frobenius map Fn to (2.1), we get the following diagram over Fqn
EF
n
α × EF
n
β E
′Fn p2 //p1oo E′′F
n p3 // EF
n
α+β .
There is a linear map
m˜α,β : CFGFnα ×GFnβ (E
Fn
α × EF
n
β )→ CFGFn
α+β
(EF
n
α+β) = CFF
n
α+β
sending g to |GFnα ×GF
n
β |−1(p3)!(p2)!p∗1(g).
For fα ∈ CFF
n
α , fβ ∈ CFF
n
β and (x1, x2) ∈ EF
n
α ×EF
n
β , let g(x1, x2) = fα(x1)fβ(x2).
Then g ∈ CFGFnα ×GFnβ (E
Fn
α × EF
n
β ). Define the multiplication on CFF (Q) by
fα ∗ fβ = m˜α,β(g).
For any Λqn -module M ∈ EFnα , let OM be the orbit of M in Eα and OF
n
M the
Fn-fixed subset of OM . Denote by 1OM and 1OFnM the characteristic functions over
orbits.
The following lemma is well-known from Lusztig (see [7]).
Lemma 4.1. Given three Λqn-modules M,N and L, we have
1OFn
M
∗ 1OFn
N
(L) = FLMN .
4.3. For any Weil complex (F , j) on X and x ∈ XFn , we have defined χFnF for
n ∈ N by
χF
n
F (x) =
∑
i
(−1)itr(jni,x,Hi(F)|x).
By the properties of χ ([6]), the linear functor
m˜α,β : DbGα×Gβ ,w(Eα × Eβ)→ DbGα+β ,w(Eα+β)
satisfies that the following diagram is commutative
(4.1) DbGα×Gβ ,w(Eα × Eβ)
χF
n

m˜α,β // DbGα+β,w(Eα+β)
χF
n

CFGFnα ×GFnβ (E
Fn
α × EF
n
β )
m˜α,β // CFGFn
α+β
(EF
n
α+β).
For any Λqn -moduleM ∈ EFnα , denote by jM : OM → Eα the natural embedding
and we get the following functor (jM )! : DbGα(OM ) → DbGα(Eα). Let 1OM be the
constant sheaf on OM and 1OM = (jM )!1OM ∈ DbGα(Eα).
The commutative diagram (4.1) and Lemma 4.1 imply the following Lemma.
Lemma 4.2. Given three Λqn-modulesM,N and L with dimension vector α, β and
α+ β respectively, we have
χF
n
m˜α,β(1OM⊠1ON )
(L) = FLMN .
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4.4. For any Λq-moduleM and n ∈ N, letM (n) =M⊗Fqn , which is a Λqn -module.
On the existence of Hall polynomials, we have the following theorem.
Theorem 4.3. Fix three Λq-modules M,N and L with dimension vectors α, β and
α+ β respectively. If [1OM ] ∈ Kα and [1ON ] ∈ Kβ, then there exists a polynomial
gLMN (v) ∈ Z[v] such that FL
(n)
M(n)N(n)
= gLMN (q
n
2 ).
Proof. For any complex L and f =∑i∈Z fivi ∈ A, define L[f ] = ⊕i∈Z(L[i]( i2 ))fi .
Since [1OM ] ∈ Kα, we have [1OM ] =
∑
L∈Pα is simple
fM,L[L], where fM,L ∈ A.
Denote by LM =
⊕
L∈Pα is simple
L[fM,L]. Then LM is a semisimple complex in Qα
such that [LM ] = [1OM ]. Similarly, there exists a semisimple complex LN in Qβ
such that [LN ] = [1ON ].
Let LMN = m˜α,β(LM ,LN ) ∈ Qα+β , which can be wrote as
LMN =
⊕
L∈Pα+β is simple
L[fMN,L(v)]
for some fMN,L(v) ∈ A. By Theorem 3.1, for any simple object L ∈ Pα+β , there
exists hL(v) ∈ A such that χFnL (x) = hL(q
n
2 ) for any x ∈ OFnL . Hence
χF
n
LMN (x) =
∑
L∈Pα+β is simple
fMN,L(q
n
2 )hL(q
n
2 )
for any x ∈ OFnL .
Let
gLMN (v) =
∑
L∈Pα+β is simple
fMN,L(v)hL(v) ∈ A.
Then for any x ∈ OFnL ,
FL
(n)
M(n)N(n) = 1OFnM ∗ 1OFnN (x) = χ
Fn
1OM
∗ χFn1ON (x) = χ
Fn
LM ∗ χF
n
LN (x)
= χF
n
m˜α,β(LM ,LN )
(x) = χF
n
LMN (x) = g
L
MN (q
n
2 ).
Since FL
(n)
M(n)N(n)
is a polynomial of q
n
2 for any n ∈ N, we have gLMN (v) ∈ Z[v]. 
4.5. A Λq-moduleM (maybe decomposable) is called exceptional if Ext
1
Λq (M,M) =
0. A pair (M,M ′) of exceptional Λq-modules is called a directed pair if
HomΛq (M
′,M) = 0 and Ext1Λq (M,M
′) = 0.
A sequence (M1,M2, · · · ,Mt) of exceptional Λq-modules is called a directed se-
quence if (Mi,Mj) is a directed pair for any i < j.
Lemma 4.4 ([3]). Given an exceptional Λq-module M with dimension vector α,
we have [1OM ] ∈ Kα.
For any directed sequence A = (M1,M2, · · · ,Mt) of exceptional Λq-modules,
denote by MA = M1 ⊕M2 ⊕ · · · ⊕Mt and OA the corresponding orbit. Then, we
have the following lemma.
Lemma 4.5. Given a directed sequence A = (M1,M2, · · · ,Mt) of exceptional Λq-
modules with dimMs = αs, we have [1OA ] = m˜α1,α2,··· ,αt([1OM1 ], [1OM2 ], · · · , [1OMt ]).
As a direct consequence of Lemma 4.4 and 4.5, we have the following proposition.
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Proposition 4.6. Given a directed sequence A = (M1,M2, · · · ,Mt) of exceptional
Λq-modules with dimMs = αs, we have [1OA ] ∈ Kα1+α2+···+αt .
As a corollary of Theorem 4.3, we have the following theorem.
Theorem 4.7. For a Λq-module L, two directed sequences A = (M
′
1,M
′
2, · · · ,M ′t′)
and B = (M ′′1 ,M
′′
2 , · · · ,M ′′t′′) of exceptional Λq-modules, there is a polynomial
gLAB(v) ∈ Z[v] such that FL
(n)
M
(n)
A
M
(n)
B
= gLAB(q
n
2 ).
In particular, for a preprojective module N , a preinjective module M and any
module L of Λq, there exists a polynomial g
L
MN (v) ∈ Z[v] such that FL
(n)
M(n)N(n)
=
gLAB(q
n
2 ) for any n ∈ N.
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